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Preface.

In differential geometry many mathematical
tools are used that are made or should have been
made in the workshop of the analyst. But from the
point of view of the analyst these tools are so
simple and uninteresting that he prefers not to
spend much time on them and to spare his time and
energy for more difficult oroblems. The result is
that in textbooks of analysis e.g. the theory of
regular systems of equations is dealt with in a
rather superficial way and that we loock in vain
for a general theory of supernumerary coordina-
tes, s0 freguently used in all branches of mathe-
matics. So differential geometers had to do what
properly was not their job, and this is exactly
what they have done or at least have tried to do.

- These lectures given in 1947 at the Mathe-
maticadl Centre of Amsterdam form an introduction
to my courses on tensor calculusg, theory of
Pfaff's oroblem and its generalizations and other
objects of differential geometry given or to be
given. |

Now many of the points considered in this
preliminary course are dealt with more claborate—
Ly in 'Pfaff's problem and its generalizations® by
Mr. W.v.d.Kulk and me, Clarendon Press, 0xford
1949 (hereafter referrcd to as P.P.) and some
also in my “Tensor calculus for physicists’ that
will be published by the Clarendon Press in 1951.
Nevertheless the Clarendon Press has kindly agreed
wilth the appearance of these leetures in the
scripta of the Mathematical Centre of Amsterdan,
and 1 wish to express here my most hearty thanks
for this to the PBnglish editor.

My personal view is that most students, after
having studied this scriptum will be eager to
study in the more elaborate books the numerous
applications of +the theories developed in this
short publication. Many references will be found
in the text and at the end there is a list of the
literature referred to.

Epe, October 1950, | J.A,Schouten.
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§MJ$MEQEM§£;thmetlc-n.malmen31onal menifold (I;a ), :

Every ordered set of 9z real or complex values
of n variables é P K Ty, 72 is called an ;_afith—-«
metic point and the totality of all these points an
arithmetic manifold or (Z, . The é are ‘called the

g o 0 e L Y03 SR o P Y, T

omponents of the point and the point is'shorfly

MR

rgl1lcd :_‘_‘Qkoint, L

A polycylinder in (¥, is the totality of all
points satisfying inequalities- of the form

1.1) lé_élgﬁ %

where thec§ are arbitrarily given real or complex
nuwabers andthe/g arbitrarily gilven positive num-
bers. o R ) y

A set of arithmetic points of (X, is ealled
a region of (¥, if: | | |

1.. the set is open i.c. every point of the
set belongs to atlleastgone polycylinder consig-
ting only of voints of the regions .

2., for every choice of two 3oint$ of the
region there exists at least one finite chain of
polycylinders, each consisting only of pointglof

g DAY el wrh Sl et vt A v, R v el S

1) For § 1 and § 2 cf. Veblen and Whitechead 1932.1;
Behnke and Thullen 1934.2; Schouten and v.d.

Kulk 1949.1 (hereafter referred to as P.P.)
Ch II § 1,2,

' 2) In this publication the Ffive indices ky N, 0, ¥V,

w always take the values 7,---, 22 .
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the region, such that the first point lies in the
first and the second in the last polycylinder and
consecutive polycylinders have at least one point
in common. .
Obviously every polycylinder is a region and
the whole (U, is a region; But not every region ig

a polycylinder. Every region is called a neigh-

bourhood of every one of its points. PFor 'neigh-
<

bourhood” of § " we write shortly %(5) )

Q

*&&_%M@Hic 7v ~dimensiopal manifolds X, ang
7. - B

e consider a set M of elaments of some kind
vhich are in one-to-one correspondence to the poin
of a region 7% of (X, . With resoect to the element
of M we only presume  that they are no wvoints of

(Z, . They may ce.g. be homogeneous lincar forwms
imun.variables or polynomials of degreec 2e_7 in
one variable or points of an arxithmetic manifold
different from UL,. The one-to-one correspondence
between & and & is called a cpordinate system _
over /M ., If the point ? corresdonds to an element
of M we call,thegthe coordinates of this element

— it il e A A S P i B e TRl il

with respect to the coordinate sgystem (k) and we

Wﬁmm-ﬂ*m“_!_mh'nn‘w”w| e o

w_riteé’x instead ofg if they are considered as
coordinates of an element and not as components
of an ar;t*thmeti_é point.

Now we make use of the following theoren,
proved in every reliable textbook on analysiss



heorem I (Theorem of inversion)

e L By Sl . e, bl

If in the systen of equations

2.1) f(?) 2
the functions f are a.na.lvtlcdl)ln g (hénce :Lri an
2’C(§)/ ) and if the f_L}IlC‘blOIlal determinant

i o, i MMLM‘—.—.— e il iy T

of these functions

Aol iy - e en ol - m—mm:_—

2‘2) . def_pé‘l‘ (a/g’) 77y - a’r’l’ |

1s#01n§(npnce;401n mn_c’ﬂf(g)’ D, the

K i ST 1A ...

g gan be solved from (2. 1) and in thls solufc_lom"

,.....”u‘h v I i -l Fir P

2.3) f(g) ; k’:'%’g---,n
. . f

| K
the functl_gﬁ_njﬁ are analytlc in an 9?' g),g
_ _ S

being defined by

ue
1 -

k' KK | .

2'%) g: f ( § )

o | ._ |
P ,

<
The functional determinant of the f%_{l_ g is
1

LA e Z o M i B PP n il Mﬁﬂh—-“‘m“—'—-—“——‘"‘-‘—'ﬂ

n-lu_nﬂ ﬂ-—ﬂ-m-“ﬂ“m-ﬂ—-“ v

1) A function deflned&_ln arn Z’Z(?) is sald .
to be analytic in £ if there “exists an (5‘,—")

o Whe;e Lt can be exnanded into a power series
in £- £ , convergent in this latter 3"{(5?) .
0O



As a consequence of this t'leorc.u there

exists in Zt(é’) a neighbourhood &% of g’ and in
3’2(5) a, nelghbourhood R of §’ for the "ooz.nts of.
which the equations (2.1) and also (2 3) establish

™

a one-to-one correspondence,

Now let us presumec that&? is contained
in & . Then there exists in/ a subset R of arith-
metic points whose elements are in one-~to—-one cor—
respondence to the points of & and therefore also
in one-to-one correspondence to the points of Z’.
This latter correspondence 1s, according to our
definition, another coordinate system over 2
This coordinate éy}s;jcem we denote by (K) and we
Writeg}cf for the § if they are consideredas coor—
dinates of the elements of # . (fig.1.)

9

The equatlons (2,1 3) represent. a EOll’l‘t
tyansformation in ¢Z, and 1ts 1nverse. If the ? g'(

are replaced by g % we get the equations



representing a coordinate tranﬂforuatlon in X in

il o Eopm a o o

M . A transform.tﬁon of elements in %’naa thé
fTorm

P — A A
2.6) ;S FU(ET)
or,
With resvect to another coorainate system (k%)

?K!: ?K,(ng) ) 'f;/‘v-‘-‘-“ 7;"‘.:"?"'3'?

Collecting results we haveae

A coordinate Bysten over a set of elomcnts

el il T

R g L AL o YL R = gl - LYy T 1 Bl P

AR 1s a one-to-one correspondence between the

ey rom_ . . Jemie Lﬂ:—mm

aalallinly s B L. ARl ey . o g

elements of 2 and the points of a & region of (2, ,

e iy

nnd o transforﬁatlon of coordinatesg 1n A means
W—_Mmm

mﬂm

—-ﬂ--m.n-l-t e T A o B e e il ol P P T R e

passing to another one-~to-one corresnondence bhe-
MY SlloLne

- L, sl

AT o e kL Ty TN clackilidin e o g O S

tweun These QlGMpnF“ and tho 001nts of another

) . B e bl i -_— e ey v . -

region of Z l.

il bl ISR T R

1) Cf Veblon and Jhlcehead 1932.1, p.32, We
consider here only ordinary coordlnates.

For supernumerary coordinates see § 9.



At the beginning we have to agree upoh
the coordinate transformations to be allowed, Often
it is reguired that thls set of transformatlons :
forms a group, i.€.
the result of two transformations of the
set, applied after each otﬂﬂr, is din the
set'
if a transformation is in the set its
inverse exists and is in Tthe set;
the set contains the identical transfor-—
mation. o |

1.'the group of all permatations of coordi-
natess; | | o

2. the affine group G, of all invertible
linear transformationsj B

3. the speca_al affine group Gz, of all inver-

tible linear homogeneous transformationss

4f the orthogonal group QEm ofall-orthogow
- nal transformations (One -of the properties

of this group is:a = + 1 but this is not-

o sufficient condition for orthogonality).
5. the group ¢,,of all rotatlorm ( Cop With

A=+ 1). ' |
But the group property is not alwayswfeQuired,”E.gﬂ
the set gf’ of all inve-rtible transformations ana-
lytic in some region is not a group. Tf a transfor-

mation 7; transforms a region R"into &' and some
" other transformation 7, a region &“into #& , the




N
transformation 7,7,  can be“fdrmed 1f and only
' and &” have a bolint (liénce a I__'?gi(}n)l in
comrion. Sucn a set is called a Déeudotggpup.
The result of two transformations of 2 pscudo-

group, if existing, belongs to the pseudowgroup1),

The set X equivned with an. original coordi-
nate system and with all allowable coordinate

systemsi.e. all coordinate systems that can be

derived from the original one by meansg of al-

lowable coordinate transformations is called an

77 -dimensional geometric manifold, The elcments

ki AL - e S e s etk Dl B . i OO, i s P . S, - A P U v e el kel

are called geometric points or shortly points.

- —-ﬂmmrmm LAl et e B S ML) sy S

LY

The choice of & and of the allowable coordi-
nate systemSis entireiy free. These cholces fix
the geoﬁeffic propertiea cf the geometric mani-
fold, |

1T We chooSé$§1arbitrarily, andjé , Wwe get
the X, : the svace of ordinary generalized dif-
ferential geometry.

If we choose K= (0, and G, we get the &,,
the space of ordinary 2t —dimensional affine geo-
:metry;i"_, | " |

If we oho_ose f;wnand 9{0, we get _the Ccen-—
tred €,, the space of ordinary # -dimensional af-
fine geometry with fixcd origin.

1) Cf. Veblen and “hitehead 1932.1, p.38.

s
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1f we choose X =Z and ¢,, we get the &, ,

O “?L

tge gpace of ardinary 722 ~dimensional metric geometry..
R, = ordinary space. ..
In an X, the notion of polycylinder can notb
e used because thc,:r* 18 not a preferred coordina-
te system. Instead of polycylinders we use cells,
a cell being defined as a set of po:Lnts satisfying
the inegualities.

2.7) f £ <1

in some allowable coordinate system. A point set :
R in Xy is called a region if there exists an
allowable coordinate system (K) determining a one-
to-one correspondence between the points of K and
the arithmetic points of a region & of g o & is
called the fundament'll L region of  with respcct to
(K) 1). Evidently every cell is a region, But not
every region needs to be a cell., Also the X,, itself
is a region and every region in X ls 1tself an X,,.
Bvery X, that is a region of another X, is said to

be .1,mbo_dded in the latter. I_Jver;y region of an Xﬂ is

-+

TR sk e PLIYNE LRI

For nelvhbourhood of E " We wrlte shortly ﬂ(g)

L is said to be analytic 111 § if for any
choice of the coordlnate sys*tem (ﬁc) in A /O is a

N LS WO gy ARyl e e Wl . SRR N yasky apmivh YRS sl aewial

1) A region in an. X, can also be defined in the

~same way as a region in (Z,, by using cells instead
of polycylinders.




function of theigﬁ

2.8) p=f(E7)

and 1ff is analytic in §’ If this conaltion 1is

satisfied and if &) 1s another allowable coor~
dinate system and

K} K; 4 | ) o 3
2.«-9) . - ? _:::-d{ (g ) 5 f{';:_..";f;..;*.ﬂv?:z' e

it is well-Known from the theory of functions of
several variables that

o

2.10) f(; (&%)

18 analytic 1n.§'. Hence analyticity is invariant
o
Tor all allowzble coordlnate transforuatlons. 1T

L dis analytic in §' there cxists an ?'((f )whe:.re
,0 1is analytic 1in evcry nolnt 1)

§ 3. _The null form of the ggpatlons of an X,

-
»

1) We always consider anslytic functions. But many
of the theorems dealt with here can also be
formulated and proved if only the existence -
and the conblnulty of the derivatives up to a
certain order is vresupposed. -

2) Cf. K#hler 1934.1; P.P. Ch. II § 3
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Wle consider N functions a‘?""‘""(g"j g =N ,re-g™
analytic in ?K . The matrix of the AN derivatives

of the & W%_’bh respeet to the gK
-@-«-N—-—-gs-
3#1) T ; R 3 e = ’ ?

18 called theh functlonal matrix OE tht, systemn C’Nw

L —_. e il T e gl 1 By bW M s

and its rank "z:.‘g in g the ran of the system 11'1
that po:Lnt _..v1dc,r1‘bly ¢ <7 and TSN « Hence «
18 the maximum nuaber of llnea—mly 1nde nendent

differentials among the dd « in g
If we form the matrix of fcnp 2NV derivatives
of the # < with respect to =#t'<9ez o:E‘ the variables
g the rank ' of thls matrix in g’ is called the
rank Of_‘t-’lf: Sth&EI &% with respect to these va-
rlables in that point. ZMV1dent:l,;5r ' n’ g 'z,_g/\/ 3
< v . ' |

TR

he functions & °° arc said to be
1ndagundcnt in 3’2:(;'::) 1f in 3‘2(?) none oi‘ them can

“mm

be expressed as a function of the othurs and (functw
ionally) dependent in the other _casea
The proof of the follow1ng theorem.W1ll be found
in every rellablu tuxtbook on ane lysis.
1) A matrix has rank « if it conteing at least one
non-vanishing subdeterminant with « rows but none
wWith ©+»7 I10WS.
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Theorem IT (ThGOlbm of 1naonondencx)

N functions GJOE(? ) A N analx

tic in ?Z[g) are independent in ;?Z/g/ if and onl,z
if the rank v of the system Z % {is equal - ’l:o N

W AN et il o Syt i il el e W o LA

in at least onec point of Q‘Z(g ) . L. al

- iliiney e i vy by AP e Bl t
LS

According to this thceorem the func*bions T e
are always dependent if N>z , If the & “are
indenendent and if 2 = A the following theorem
holdss

Theorem IIT  (Theorem of adaption).

A e e e _"\--—-I--Hll

If Ng 7 fUllC‘blOI’lS - (§K;0z::'\--~'¢\ are

-anal tic 1n an J¢ and 1f 2-=Ain cvery voint
y s o b S e~ SR 'y,

of FYE ) ' thez‘.g..@_)z}_sis an allowable coordinate
sys*bem b/ A N b s R £ 4 < - such that
? STYy IO (E ) ? .H__W.....,
Or .
3.2) g[} mg@?ﬂ 3 ULz AN
Proof.

We take 922 _ A/ Ffunctions

3.3) ' 3‘"’““(??5*--;&%/5”)

analytic :;.{n Q'Z/E’ ) such that the rank of the
system & 3 A ar,-..,0n is 72 in each vpoint of
2‘7/? K) . +hen the transformztion

<



0 B TAEY Al

il an allowable ¢oordinate transi‘orma’c:_on and cUnse
'q1%ently tho £ form an allowablc coordlnate SJstem

Now we consider a system of 4 equations
._'3'*5}' S & (g)“"“"o 3. e =Ng e oW

with functions & &% analytlc in %(E@

Every point oﬁ é?ng )satlsi‘ylng (3.5) is calle

2) l’lullEOll’l’t of (3. 5} and the set M of all nullpoints
" "the null munlfo%d of (3. 5)e

. The systenm (3.5) is called ‘the nll form of M.
“The rank of thc system % ina null Ppoint of (3,5
is ‘dalled the rank of (3.5) in that point: the
rank of the systema% “with rcspect to 72’ of the f’v

in a null point of {3 .5) is ealled the rank of (3.5)
- with respecct to these variablesin that point.

Two systems of oquatlons having the same null
Emnts in ?Z(f) are said to be egqu 1valcnt in tha#

51011, It has to be rumarl«:ed +that two egulvalen

g¥ystemns need not have the sane rank in all null
_ WWMM_.MMWW

mlgtsa (E.g. x-0, y=0ana xX%0, Y=0 in the point
JZMOJQ’“G) |
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a null p01nt of (3.5), If t'is the"réﬁk“
ahd if z=a in g*‘ ( and consequently also
g“*y ) - (3.5) is said to be HllIllIIlEll re
. The number » .4 1s called the dl--.-'r.
of the null manifold in ?K '_,v:Ld\.,ntly
N7 . If a system is mlnlmal regular
§’“, theére cxists an QZ(E) where
pem 1s minimal regular in all "DOlIl't-::. From
j,nltlon it follows immediat. ﬁly th.a‘c 1f a

58 mlnzl.mal regular in § evc_,rv onc_of its
ols T also minimal romglur 1r1 {;’ The
T D

“mlnlmal regular® and ‘dimension are in-

R \_;t;m

1

j/l 'DOiI'l'b

for all allowable coordinate transformse-

ysten (3. 5) w:Lth tm, nall point OER being .t |
nere are four possible casess:

there does not OK:LS"G an equivalent system
in an 3‘{,(5'9 mlnlﬂnl regular in g"‘" :

1 the systeém is called irregular 1n E ;
1 manifold has no dimcension in E’

there exists an equivalent system s MIini-
-ular of dlmu..nSJ.onm in E but among the N
ntials & Tin g there exist no -
‘e lincarly :Lndepenaen't, Then'the'system '
ed semi-regular of dimension m1n§

&g under 2 but among the A dlffﬂrcntlals
there exist 72-772 « A lincarly indepecndcent

‘hen' the system is called (supernumecrary)
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regular of dimension 7z in gk -1);

&
4. as under 3 but »2_.7272=~ . Then accordlng

to our definition the system 1is mlnlulal regg& 21 :Ln

E" .

O

The'notions irregular, semiregular, regular
and minimal regular are invariant for all allowable
coordlnate transformatlons,_ | | I - ‘
Here follow somc examples in @ | |
loxy=0 x2=0 % 1rregular in x<0, ¢= a._
' ' ; Y=0 s semlregular in xX=0, g/#o =7,
O3 y=0: regular 1n.xx0,9'_.0 =7
boe X = QO ;,y.—:c:? 2 mlnlmal regular inx. o,y-O;
A subsystem'df a system regular of dimcnsion
7L 1n EK need not be regular in § 1f a system is
regu.lar in g there exists always ar. QZ(EK) where
the systen .15 rcgular of dimension 72 in cvery point.
1f a systen has in 3‘!@’) an equivalent sube
system, minimal regular in g’*’ it is cevident that
it is regular in § . Convorselys a system regular

in E alwa Svontalns an cquivalent subsystem,mini-

mal regular in g‘ « The proof will be postroned +$ill
we ecan make use of the first basistheorem (theorem

mwﬂﬂm_“muﬁmmwmmmmmm

1) We adopt here the definition of Kihler (1934, 1
' p. 12). Other authors, c.g. v.Veber 1900. 1, S A8
call regular what we call minimal regular. Oux'
exposition differs from that given by Kihler by
the introduction of the notions “semipegular®
and "minimal reguler® and by its form, which is
a ll'ttle moxre adapted to geometrical applications.
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Accordingly a superhumerary regular system dif-

fers from a minimal system only by containing some
superfluous cguations, But it is nct za2lways conve-
nient to drop these equatieons, becouse it may -ha,p--
pen that the remaining system has not an invariant
form. '

A mall form of a manifold, minimal regular
of dimension 7z in the null po:Ln“t g being given,.
accordlng to the thcoreanm of udaptlon 11 it is
always possible to choose the coordinates g% in
sueh a way thu't the system takes the formo

.3

3.7) g IO 5?:: TAF 7 4 - - ‘ 72 .

The E™ ; ot=7,--+372 can bec uscd as coordinates

in the null manifold. Now tho _g_Jseudo-—groupﬁ CON~
_sists,of:all.invertiblc analytic trensformations
of the §K and this pseudo-group contains the
sub-pscudo-group #& ‘' of all analytic transforma-
tions ¢f the £ ;&= 7,-..,7 leaving the § \f
F=mt»yninvariants Consequently # induces 1ntoi
the null manifold the psucdo-group # and this
means that this manifold is an X5, . The X5, is

said to bo 1mbeddod in the X,, . Hence a system

s S Pl . =

recgular or minimal reguler :L.ng represents an
Xm imbédded in Xn Zhal 32‘(5"99 ') S |

A S i

37 Eccording To our definition an Xy, in Xn is al~
ways free of 81ngulax'1tlesa Hance an X, in or-

f&?sa%&ﬁ%c%rc%ﬁr%%‘éer dEhegs BiiAElREu-

such & surface free from 81ngular1t1es.
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If an Xpz1a . througa g is represoented v

the 72977 Qquations i
the.quantity
3.9) | | C"f def 2, C* ; x;.-:'m-w\.,. SOENENN

has the rank -, in an 9@6?_) » 1T another co-
. | ) | . 5 . O -
ordinate system (k') is introduced, (3.8) passcs into

G ) QTP ao, T 1)
3.10) L (g ‘)-‘i:‘--"" C (f (g J’; ﬂo'}x:m%ﬁy-*ﬁ\.
If then
3411) C;ﬁa,fx(gk):' Kz 75575 L=tuen o m

WE ‘have

1) "le remark that the definition (3.10) is not ac-—
cording to the custom in the tncory of functions
because the C* in (3.8) and +the X in (3.10)
stand for differcnt functions. This discrepancy
can be avoided by not using the C¥ ‘ag function
symbols and intrcducing extre function symbols,
€. 8. Crz (B ) = w X (&K . In fact this must
always be done in more complicated cases .where.
amblguity could arise. But in the  simple case
here we prefer the shorter notation (3.710).,
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12) CR-ACT Aot o sy )

; Al 750 707 5 0= MO A o * = oY
1e matrix of A, having the rank -2 , it follows"

1t O has the rank 722_27 and that consequent—'
7 (3.10) is a null form of the X,,, mlnlmal I e -—
iler in EK. Once more we sce that the notion
Jimension' is really invarisnt for all allow-
ble coordinatc transformations.

The functions ¢ G?’) in (3. 8) are said
> form a basis of the X,,in ? . Hence to
very null form, mlnlmal raﬂulur 1n‘§? there
xists a definite basis. The relation between
ifferent bases are dealt with in the follow-
12 two well-known theorems:

el et winalnt P aiin SRS e hepl DA Sl Snpied s gyl TR ST Al

) We shall usc the summation convention: if in

one term the seme index anpears twice, once
as an upper index and once as a lower index,

summation over it has to be effccted. (3.12)
) X A X
Standsfor @A'“"’"_% /;7/\, CJA .
) We define a basis in another way as K&hler,
who allows also systems of more than 7.7
functions. (1934.1, p.13).
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el - il -

1f a function S(g“*) 1s analytic in an E*Z(§ ) and
zero in all woints of an X, in ?Z(gj ‘throuo'h §’
with the null form (3.8), minimal regg.lﬂr in ?’
there always exists an ZY(E*) such that s satlsf:]_e‘

in this Q'Z(g“y an eguatioﬁ of the form l
Qo

Theorem IV (First basis theorem)

3.13) S = € (?K)C,Dx :X.‘ ML SN sy A

where the functions @. are analytic in this latter
k_ -*:- " o i . il A b e P ke BRI il r— e
?Z(E’ ).

Proof

According to the theorem of adaption III there
eX1lsts a coordinate system g’ﬁ ; Z=Ayc,ve. SUCh that
the equations (3.8) take the form

3.14) EX.0 5 x= musnaeese

c .
We may choose the £ 7, a =5, --,~ in such a way

that B -0 5 A=A, s~ . Now § being analytic

in 3‘5(5’5) there exists an %CE{) wnere § can
be expanded into a convergent power series in the

E’{ . S vanlshes in every point of X,,, hence all

terms of this series not containing at least one of
the variables fx__:, o= OO A e

-, as a factor must
necessarily vanish. Consequently in this latter



32@?ﬁ9 can be written in the form
£ 1

3:15)  S=y, (BT EF= ¢ (E)CHE)

where the e 8re analytic 1n an.'gzéffy'
o

Theorem V  (Second basis theorem)
If both C%; x=rmasn, -« and %'y
X =lreany, v constitute each a basigs in § < of

an X, through £ , there exist (z-7) func-

tions @f(g@ ; gnalxtic in an FLE *)  such
that in this ZYE*) °
: Q

v ’ . ;o i
3#116) mee; Gx 3.r:%-"r'\-;"',“{\.,_;OC’:Q-:\'\.%‘\\):,*'*,’(\«

Y

allQ

3.17)  2et(CXF ') %0

This theorem follows immediately from the
first basis theorem. We call the transforaations

(3.16) basis transformations,

From the second basis theorem V we seec that
the index x is subject to linear homogeneous trans-
formations with coefficients analytic in an
72 (E~) , and a non-vanishing determinant. As a
oongequence of (3.16) we have
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3.18) G,::"“: Gxx;c)\x - C ai G;r 5 x"“""m‘*‘“\'&”' 570 3

x’::(m-‘-.-‘\\’,”*,”(\: 5

hence in all points of X 3

| X7 ‘:afc’ x
3#19) GA .."::: Gx CA L

If a coordinate transformation and a basis trans—
formation are effected simultaneously, the trans—

formation of G’A in all points of X,, is

f

| .‘l‘,_ d P a7 -I. 3::‘ PPN ", X= R, s 800 ;
3‘20) C‘?:QA’TCD;G)( ; l!___‘:\i*_‘i:‘?;:‘ > Qm-%\-. 3

Gx is called the covariant gonnecting quantity

of the X,,in X

Using the first basis theorem we can now give
the proof postponed on p.14, Be (3.5) a systen re-—
gular of dimension 772 in Ek . 1t is always wnossible

>
to choose a subsystem of n.7n equations having in

?K The rank .22 . This subsystem is minimal .
regular in §' and we will prove that it is equi-—
valent to (3 5) in an 9’(/5“) By interchanging

the indices ¢z it can alwuys be attained that

3,21) TRE )20 5 e/ =n, ey ruw e
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in the subsystem.

Now let g"‘f(g“)=o be a2 minimal rcgular
systernt, eouivalcnt to (3.5). Then, 1n consoquence;ﬂ
of the first basis theorem the ‘”""‘(g”) can be
" expressed Linearly in the g“"‘ in an.?“lfog“')

3.22) ?‘"“'@-"‘9: Pg"'?'g 2rex) 3 z,;"w--,!m_w'. |

and in thls e:x*.“or essilon Dea‘(p ).;‘.-obecause both

oo’ et A c
g and g hg.ve rank 72.772 . lence the & form

a bas:l_s for the X, in axn Z*‘Z/?") and accordlnﬂ‘ly
the & can be expressed llnbarly in the g ZLI'l
an :f?z(g *) . That proves that the eOU.c,..t:LOl’lS 5t

form an equivalent subsystem of (3.5).

§ 4. The paranetric form of t‘&e equations of an

Rl dbliak s 1 ..n—-n-h-—l-h-ﬂ-ﬂ-...--...- o‘-b.‘\.)m L S

in X,,

Ve consider an X,, with the coordiﬂatesvza
Q=Ayc--xnvand a-qsystem . .of 72 equations

4.1) .. gfcm BK(’)ZQ’); Qo= Ayt sy A0

- with functions &~ analytic in 78‘2 . LT the mat ix
O

of

1) C¢f P,P. Ch, II § 4.



4.2) B E o, BY s =n.we; D =2 i
- i

.-———._.a?g
has the rank »= in 7? the equations (4. 1) establish
a one-to—-one correspondence between the points of
Xm in an ?’Z( d) and certain points of X,, i ‘
an 92’(;) ?K"’?’?BK/{? |
Consequcntly every vpoint of this %f %) can
be identified with its corresponding ‘oolnt in c?’Z(f ":)
This process we call the imbedding of an X, into X,.
We call (4.1) a parametric form (also: paramstric
representation) of the X,pin X, , minimal reguler

e S ntdetrivismutuints

of dimension -z in »< and /3 the contravariant
connecting gquantity of the Xmln X

This definition of an X,,in X, is in accor-
dance with the definition of § 3 because (3.7) can

be written in the form

XK

) By
4.3)  gs_

s Hm Ty e oML G = KTy 00 g

and the £%can be looked upon as parameters. Then th:
system has the -rarametric form.

If in (4.1) the g and 7)* are transformed simul |
taneously we get another paramctric form |

4:4) gk'm ?3“(01“) 5 a’= A‘!h‘ "t ?-mf'; K's 7/4- - s 72



minimal regular of dimension» 1in oz‘“' and the ?3;
L | . - ’ o
transform in the following way

K’ 4 XK' PmK 6 e A= G’ .

r ’ I‘ ] .
'6-'5"*,'\-,"',%3‘6#*\,“"3-'%%3'
K= "y ooy 727 |

If (3.8) and (4.1) represent the same X,,in X,,
we have

idenficai'ih the'%fxand from this, by difieren-
tiation, we get = . '

4“&7) | 8’6“(@’:‘::0 ; ‘6“_"’\5“_'1,%;_.x‘#%&%h\g"'_g"f\w g

identical in the %% . . | . .
As we have secn above it is possible to de—
rive & minimal reguiar paremctric form of an X,
from a ~inimal 7ogular null. form by means of a |
transformati~n of coordincecs. The conversion 18

[

also true. i3 having the ~znk o in 2 &, by means

. I |

of interchan ing of ths inli.es « it1 can always
- a 1 O{' P

be arranged hat the determ.nant of the 73, 3

X Ty v 7. 3 B= Ny yreee does not vanish, Then the

transtorme ~ion



4"8) gﬁﬁ Bk(ga)+ thgxi Gt A ye vy OOV "])

e A P A R S

1s an allowable éoordina‘ce‘ transformation iI:l. an
?Z/;H) . ‘Bffecting this transformation we get
from (4.1) o |

C(.J Bm(gd—): //.394’(,7261) Az yretyr0uy XE 7y 270
4#9)

D= WA T, T

4 ) :’3'%(?&)* Jf §xm 73&(723 5 ir-m*m'*wm;

The determinant of B: is £ 0 in Zza. Hence, accor-
ding to the theorem of inversion I the 7 can be
solved from (4.9a) as functions of the E® in an
%(;ﬁy . 73“:§“ being & solution, this is the only

solution for which ')Zqz g"‘ . Hence (4.9b) is equi-
valent to ° | |

X
4.10) E =0 N Y N

i mrpiomn il vt vtk S A e, S i vl i AR ol Sl WV

1) 'cf; 1s the generalized Kronecker symbol. It
stands for + 1 if x and x have corresponding values

e.8. mm+7 and’ ~nxA , and for zero in all
other cases.
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and this system is minimal regular in §£;

1t is-also possgsible to derive a mlnlmal |
regular parametric form of an Xom in Xn,from.a mi—
nimal regular null formngdlvicelversa'without-IH
using coordinate transformations. In order to Dpro—
ve the first sssertion we need the theorem. |

g

Theopgmuyll (Existence theorem of implicite

et WY PR |

functlons)
A B LL Ml i ol prewrp il

If,the system

4'11) gf_“'c’l(gﬂ‘f):o s = N, s

18 regular of dimension ez in ?Mcand 1T by intew-
changlng the 1ndlces vz 1t has been attalned that

P T AT T

S LR s i3

4.12) 'Ilgf—’_‘c’z(?’y:o DO = AL e, sl oo

el e kB

is an egulvalegzmgubqyatem of (4.11) minimal re-

-

L | I TTT L ey e

gular in g’ 1 the indices k can“be inter-

Tttt . o ol . P il o it SR ;e S s PP

e T,

changed in such q_wgy that the gggk_gf (4 2)_Wiih
respect to the gg y B = P47, , 72 18 equal to

22 - 772. ., "Then an 9‘2’(}_&’? exists in which the 2%
can be solved from.(4 12)

LD — T Sl A e P gty ol

G vt s i

el ] e el o T R —

1) That this is always poéssible was proved above.



4—:13) gg:f\g(gu) 3 cxx-r,...jmst‘?,:m+7;...'an

and for the g jg__l_le egquations

5 5/ o . o
g mf (g SONKE Ty et T G IILAT 0y TR
o

o

hold1)

ﬁThé.prbof of this theorem will be found in
every reliable textbook on analysié;
Now if we complete the systewm (4.13) with the
identities f - | |

2.15), E=E

we have in fact a parametric form of the X, minimal
* m - .
regular in renresenting the same X,,as (4.11),
Conversely,to derive a null form from a jpara-

metric form we need tThe theorem

s e it Sy iy e St S, St ey Sy B Airude A Sl e s . P

1) The Lheorem.of inversion I is a special case
of this theorem. In fact, the system (2. 1) in
the 270 variables gk . g‘w is minimal regular
of dimension 7z 1in f‘" ] g?k; and the rank.with .

respect to the.éwﬂtjis 2 .
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Theorem VIT (Theorem of elimination .

T — .

rEr— ik

1f a system of # equationsis given, regu-—
tar of dimension 7z in g” and if the rank with
respect to £7,...,g" in an FLES) is R<m-m,
from these equations a system o:_@‘_i at most »z-72. X

. . M+7 7z : ' :
equations in g g, B can be derived, valid

st serrnlll el P A O SO s S A A S s aritrm. w

in an Z?‘fo K) and minimal regular in g—”“' . The
Q .

o

converse 1s also true,

—-—'._._._L_ T TN TNET TREERT Y

Proof. The given systes be replaced by an
eguivalent subsysten of 22.72 equations, minimal
regular*in Eﬂc. Thé'differentials of the. left
hand sides gf the other equations being linearly
dependent on the differentials of the left hand
sides of the chosen equations, the rank of the
subsystem with respect To g"s' . ,,?M ig also R .
Conseqguently, after a suwitable interchange of
indices the.subsystem.ban be written in the form

) 3?'&@"‘7:0 : ﬂ@f@ﬂ??#o 111 %Cgk)

4.,16)

"ﬂdﬂﬂm“-—”—n“—-_m—-—n”

portant, this theorem. ig not always stated
explicitly in its most general form.
2) A geometric illustration of this theorem

will be given in § 7.
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According to L.ﬂe existerce theorem of 1implicite
furictions VI the 5“ can be solved from (4.16&1) in an

W(E’? and conseouently (4. 16a)'can be reolaced by
the system_

17) 90@29 = E'““ fof/é’ )-‘*O 3 X=Tye 3 Ry g= Rrr,v,7,
minimal regular in g’c ‘ Hencé (4.‘16)Lis equi*t%alént
to o I ,0

@) GYES)=o , | -
8) - . : : ;O{:‘?’na-.:’;’es _/[6: ?.,&.7&.‘..3"72,_-772__
| ok |
*- 1'.,; RN g’ﬁ(g )..-.5.-_0 .

and thls system 1s minimal regular in ?K, If we re-
place § by fm(éf@ (4. 18b) passes :Lnto

; CY:'J’:,"'I:;;@ |
19) 9 ip&%éfo@@,gaxo 3 «éézgizs"':,?;wz
o - sty

. A

and (4. 18) 1nbo

65/9"3/‘5‘”"):0 o @3'73“"5?5f'féi’.r-*?-f-f,*“:,??_.m‘
G(E )0 esReriim

we will prove oW that the system (4.20) is minimal
regular 1n g’c. N.a.s. condition is that the matrix

4,20)



;E’ £ - ﬂ&.-l =Ty R A= RIS
. 5 S S, ' .. '
4,27 ) * & > o 4 = AT, 7R
vl Q¢ & ‘

- has the rank P2 -2 1n g? . IHence it is n.a.s.

that (; has the rank =e.22_.2 in §"t y
. - "l 3 . ' @
in other words, that no eguations +

4.22) g Og G =0 | A= Rev, 1m0y Gm Ry,

exist with coefficient .« that do not all
| . " 'K ' . . , .
vanish in £ . According to (4.17, 19) the equa-
®

tion (4.22) is eguivalent to

| o) TR e ez
4. 23) ”/“A@Qaéf /a-e:y ”’ﬂf@(@g )" 9.«'@ KA T sy 7= PP

and from (4.20a) follows the identity

. , o€ e e , %/S:fn:'“:,ﬁs
4 . 24 ) —ﬂxe(aqﬂ‘ )C}Sg 7‘/“/@@/3& =G5 A e Ry 72V

-
-
L I

Now (4.24) and (4.23) together exoress that the

matrix



v l0aG% 0 ee GX |l x=Tseers R
. * | A= R+7y e 372772
4.25) R, ‘ e | "3‘1‘ C g=Rr7y T

haS‘aj'ra?nlc < 7 - _in g’” o But this is :'ergf:::ssiblei
because (4,18) is minimal 'r'egular in g*c'.‘ Hence
(4.20) is really minimal regular in g’g . 'Consequent-

1y & ‘:\”“ F € and likewise g 9’1@ CGOI‘lS'bl'tU.’be a ba-

sisg of the X,, represented by (4.16), and also by
(4,20). According to the second bagis theoren every
basis can be transformed into every_@thef bagis by

a. linear homogeneolis transformatlon and this 1m—
plies that the rank R of F ., &% with re&pect to

g7, , €% is the same as the rank cf g g"‘g
with respvect to these same variables (cf. (3. 16, 17))
The matl"l:{ of the derivatives of 9 g"e W:L'th

b/

respect to g£7,---, 2" has the form
e K - M- K 2
T TAe s 0 B T ) “"Mf’
R j : ‘ .
T | L ._. ;."l‘ Y- s R
4,26)" L | o r
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Now if one of the derivatives of the 9”@ with
respect to g‘e*’;---,gm were ,-é O, this matrix would
have a rank > A& . Consequently all these deriva-
tives have to vanish and that means that the 9’*‘?
contain only the variables EMH:; .-, g™, Hence
the equatlons (4.20b) do not contain g g b ,g’-"’
and the rank of this system has to be =m.7»r. X
because otherwise the rank (4.21) could not be
72 7272 . That proves the first part of the theorém.
The conversion 1is. trivial.

Now be

4.27) = 73%3“)

=) parametrlc form of an Xmll’l X, , minimal regu-

lar in oz . Phe equatlgns
4.28) g, B )=0

constitute a system in the 7 »72 variables ‘g"",q“‘f‘,
minimal regular of dimension »z in g;—’ 7%, The -
rank of this system with respect to the 78 is 77z.
According to the theorem of elimination VII there
exists a system of 7.7 egquationsin the E£* only,
minimal regular in g’c. This system is the null
form of the X,,looked for,

If a system of »¢ egquations



. | = & S
4,29) gK:B 6201’:); Oz:m’\.}--*,,.w\
is given with functions 237 analytic in 7
R . S
1if the matrix of

“C and

4:30) éakiﬁpa&ék ; ’bzl\'ﬂ""b\h1_

has a rank <M in an ?Z/'?Z ) the rank of the
aystem

4—-31) gﬁf—m ék(?zm)ma .2 C)Z:r..‘-*"\,..?.h\?n\

in the M variables E%,7» @ is 2 and »zz¢ is the
rank with respect to the variables 27 “ in an
?Z@? 72011) g def 73 /720:) | '

Accordlnu to the theorem of ellmlnatlon VII it 15

possible to derive from (4. 31) 2 system of at most

e TR equations in the g . minimal regular in
?“ .f fo & sultable interchange of the indices x it
can be -arranged that these equations take +the form

This is = quametric Torm of an . Xmian y minimal . ¢

regular in §' . Therefore we call a system of the
form (4.29) with functions 2 analytic in an

{
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3‘2(:2 “) and with B; having the rank sm<# in

that region a supermumerar arametrlcf’
form of dimehsion-na. If a Bupernumeraﬁy regular
parametrlc form of an,k is glven, a, mlnlmal re— |
gular ‘parametric form can always be obtalned by

.repla01ngimfﬁn welluchosen parameters by constants.

§ 5 I gglar sl;jemﬂ;g_ eguatlols_)t

In order %o deal with 1rragular Systems we
need Bume results of the theory of functlons of
several varlablesgl; If an.XWZanma yzggj)
glven by a system

regular

5.1) o og(‘gﬁc) 0 ; bz':Kﬁ*- '3"‘('\.“-"*0?\.)

we Know that this system is minimal regular in

all points in QZ@E’ "‘)- . If now 32@’) 1s enlarg-

ed but always w1th1n a region where the functlons
g are analytic, points may appear where the

system (5.1) is no longer minimal regular. If

2? is such a point and if 3, system exists equi~ °

.Valent to (5.1) in an. EQKE’) and minimal regular

a——— “#“-m-“-_“ﬂ-”h—m“—-—

L1) Cf.. P.P. Ch. II Exerc.9 and 1Q We give here
- a more elaborate treatment -
2) Ct. Behnke and Thullen 1934, 2.
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in é’ 5 may be looked upon as an ordlaary poin
of the enlarged KXo o« But 1if such a system does not
exist, ;_? is said to be a boundary point of the X,n.
An KXom W:Lth its boundary points lS called a com}gleted

1)
E.g, the system x2-¢0, y=o0 iri'XQ is not mini-
mal regular in the point x=-0 , ¢y=0 , but it can

be replaced by the minimal regular'aystern" X=0,4=0.
The system x?2_ y3=0 1in X, is mlnlmal regular in all
null points except the point x<0,y=0 and this poi
is. & boundary point. Each of the two braclrmes of the
curve forms with this boundary poiht a compileted X, ,

In the theory of Tunctions, of several varlables
the f@ll@Wlnﬂ theorem is proved2

o " Theoremn VIIT,
If g 18 a nu.ll point of the eguation
a

o e -

with a'fanCtion & analytic in g the null points
1n a sufflclent_y small E?Z(E ) c01n01de with the

BT T TR

poa.nts of a finite number of completed X, ,°% through
g~ in- ?Zﬂg—‘ ) E% is either an ordinarx point
o o

Binlin o n alenloa L e

or a boundarx voint of each of these X, _ ,°* g,

.—i-n'—h-n_--b---—hﬂ-” e s v Sl W i

1)Cf. Behnke and Thu_llen 1934.2, p.25. Our boundary 1

points are his "uneigentliche wesentliche Randpunk
2)Cf. Behnke and] Thullen 1934.2, p.59.
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Ihis theorem may be used to prove the theorem

P

Theorem 1X
If g%is either ordinary point er boundary point
E -
of a completedX, and also of a completed X g PEQ
sufficiently small 92:(5*) eoincilde with the
, § el
peints of a finite number of complebed Xs’s;s=prgz,
"t tep for prg-n2>0 and S=0,---, 0 Fox
pLrg-72 £ 0 ;K is either ordinary point

or boundary point of each of these X .’ s.

PI‘ O Of o'
Be

5.3) EX-f %) 5 a=nsiuv

a parametrie form of Xp with functions /kanaly-—
tic in GZC: satisfying the equation
o e

5.4) I gkzdﬂx(jz d) ; c:/_=*\._,g\@

o o o Y
and minimal regular 1n some point 77 of 3‘6(72 )
7 o
Be

5.5) FHUE)=0 5 or=axn,

g/ﬂﬁr.

& null form of Ag with ':_E'unctions analytic

. " n [ - bl L] K
in £% and minimal regular in some null point g
Q Z



- 36 -
of az(g“") Then the function

5‘6) . gc\"’ﬁ‘( a) de;" o\,«-«(f (« a))

is either identiecally.zero in the. 7% or analytlc in
72“ :In the latter case according o, theorerﬂ VIIT
the null points.of G ™D coincide W:Lth the po:Lnts of
a, flnlte number -of completed X,o...‘ ¢ through- -92
in the, Xp of the %% . If g% is 1dentleally
zZero we go:orr withr (‘;,c'\""'e’“/ ‘:‘) If 9‘3"*"(72“) is __not
1dentlca11y zero and if R

5.7) 7<= %’q("ia’) 3 @T= N (RENY

with

Ul

.8) AKX’ “(g)

is a paramedric form of oné*bf'the )(p 7 g Wlth
functions % analytlc in €2 and minimal regular

in some point ‘3 of E'Z(Jg “) s the function

5‘9) c?zf’q'*m(r; c:c) a.’ez‘“ 0\,%:)..2{; (@“(\*g ))/Z

1s either identically zero in < @' oy analytic in
g < In the latter case all null. points of S’ZO"“‘

o
coincide with the points of a finite number of

completed X p’s through $% in the Ap-7 chosen.
Go:r_ng on in thls way the proof is flm.shed after a
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finite number of steps.
Now it 1s possible to prove the theorem

Theorem X

If a system

5. 10) T C(E ) co 5 @rmny-res\

with functions 3?03nalxt;gwih the nuliﬁgpipg
&%, is irregular in f’i the null points in a
";saffioiently_ small zfi(og ’9'°coincide with the
points of a finite number of completed X.’s;
S = Oy7y =+ ~ o727 & *gxgg__e;ther an ordinarg
point or a boundary point of each of these

s _
Xg’s .

Proof., According to theorem VIII every

equation of (5.10) represents a.finite number

of compléted X, _,*s through fk. Hence we get
all null points if we choose in all possible
ways one of the completed X,_,'s$ of each equat-
ion and determine for each choice the intersect-
- ions of these N X pn_,°8 . Repeated applibation“
of theorem IX leads then to a finite number of

& s S 3 s o, 7, -,7t-7, each of them con-
taining E‘t either as an ordinary point or’;-af's 2,

boundarypoint, | | | | . h



§ 6. The local € 1 1)".

1f
6.1) E =F (")

1s a transformation of # , by differentiation
we get - | .

6.2)  dE"=Afag* AIE p er, Det(Af) %o

‘‘‘‘‘

and from this_{i_.t-‘fol‘le*{e{sf’{.'ﬁhat the pseudo—groupﬁ

lnduces in every point of A the soecial affine group
G #o (ef. § 2). The centred &, of this group we call
the local 5973, in the point considered. To every

point of X,, there belongs a local Sn . It is usual

to ldentify the centre of the local s With the

Point of the X, to which the &, belongs, and to

call it the contact point, In differen‘tial'geometry
sometimes the &, in X is identified with an "infi-
nitesimal neighbourhood" of £%in the X,, . This is
not. in any way correct but in a few cases it may have
some heuristic value2). | |

el T Sl #_i“m-_——ta_m“ e S N iy

‘l);:gf. ochouten and St'mik‘1935.'1, p.65; P.P, Ch,TII

2) If an X,, is imbedded in an'&y , ¥>» ' the lo-
cal &, of a point of X, may be identified with
the tangent &, . But a difficulty arises here.
Iwo tangent £,.°¢ in different points may inter-—
Bect and this has to be 1gnored because the local
E.’sof two different points have nothing in com—
mon and are wholly independent.
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In every local 5'_gﬂ;gt1t1es may be introdu-
ced. They are dastlngulshed by the behaviour of
thelr components under the transformations (6.1).
This behav1our is called the manner of transfor-

mation, We only mention a few cases, useful here-

after1)
). ContraV@zignt vector vk
6.3) R A s K

The geometric image is an arrow in £, .

2. Covariant vector <)

e Sl

6»4—) W)\f:‘: /Q/«:.}WA

The geometric image is a system of two Darallel
Er3-7 8 given in a definitecorder., -

~ To every coordinate system (x) in X' there

. belong in every point 7z wontravariant and 72 QO-

- L SV . SO LRl — Wi e o A A n o i o S Rl el mu

- variant measurlng vectors witn the Cﬂmponeﬂts;w

K 3¢ K K -K—“‘: | NS '- '* | 2)3)
B2 S L=y

1) Cf. Schouten and Strulk 1935 1 pgég Schoiiten
#938.2, p.2: Schouten and v. Dant21g 1940. 1.
Dorgelo and Schouten 1946.1: P.P.Ch.I. § 4,
Ch. IT § 5; Schouten 1951.1, Ch.II, IV.

2) We use the sign =X to expre?s that)the validity
PeTeO
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3, Contravariant p -vector 2%/ Xp

o

4

, K ovo K
- Ke-r-kp 77 P Ky K

ey

This quantity is said to have the valence p and is
alternating in all its indices, viz. |

6.6) O I A 1)

shals Byeoiyt  SES. ey ARG dptuml Jii s ST RN RN WA Lokl R i el ST

footnote 2) continued:

of an equation is only ascertained for the coordi-
nate system or coordinate systems that are uded in
the equation. Hence for every equation with =
there may exist coordinate transformations that do
not leave the equation invariant.

footnote 3) of preceding page:

Sy is called the Kronecker symbol. It is defined
as follows:

JK_ 1T for k= A

AT O for x£A

;zis to be considered as a set af 2 scalars, hence

1t 1s not transformed at all with coordinate trans—
formations.

1) v kpl 55 the sum of all terms arising from
permutation of the indices, the terms with even
permutations of «,---«x, being provided with a
+ 81gn, the terms with odd permutation of a,---xp
being provided with a - sign, and this divided
by the number of terms (viz., p!). T
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A_p-vector ig callei simple if 1t is the alterm
natlng pro&uct of,o Jector8°  B

6.7) . wkrke gl yRel
| A

v

N.a.s. condltlons for a pruvector to be 51mpleiﬁ*f

are, as can be proved,
6.8) vﬁt"“"-" z,r-’c]-"'*AP = O
The image of ‘a simple contravariant. b —vector

18 a part of an Ei; with a o -dimensional screw

sense 1n it (1nner orlentatlon) Tf (6 8) is

valid the ¢ % ~"%Xp can be used as homogeneous
contravariant Grassmann coordinates of the

£ p’.s' through O . A p ,'%v-écth‘*_ has (;“)indepen--
dent components and an Ep through O can be fixed
by FN%Z{pD numbers . Hehbé"éssimplé ﬁJ—-ﬁector' |
has p(7-p)+7 independent components and among
the equations (6.8) there are just(ﬁ)-;w%uga*v'
independent ones, They will be determined here-
after.,

* L

- . 4. Covariant g —vector wW,, - Ag

. A -
UT s ¢ ;
Ap o A /17 Ag w,\,..__,hz
All that has been sald under (3) about valence,
alternating propérty and simple” contravariant

L —=vector holds mutatis mutandis for covariant
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ﬁ?—vectors; The image of a simple eovariant

¢ -vector is an 7 ~dimensional cylinder W1th an
(72-7 )-dimensional hypersurface consisting of
oo %’ oarallelngntzs provided with a @ - dlanSlDHal

screw sense around it (outer orientation).
ponents of simple oovarlant

The com—
g —-vectors can be |
used as homogeneous covariant Grasumann ooordlnates
of theé, gsthrough @,

L

5. Affinor of contravarlant valence o and

oovarlant va I]
M-M

ence Y, e.g.
ﬁ)”fA'.“;ﬁ 5NA&~§)“A;J A
=Tk T R ‘37

An afflnor 5D A renresents a homogeneous llnear
transformatlon 1n the 1ocal E?

=" 2
A épééial‘case”is‘fhe'ﬁnitg affinor defined by

)  p K % ok

corresponding to the identical transformation.

1T the components of a quantity are given

as functions of the §“°We get a field. If the guan-
1ty is only defined over an Aom irr X s the X, is

oy

called the fleld reglon andﬂn,the field dlmen510n.

i m“m-“—--l WA SRR A ey el gy

1) A is the number of'upper 1ndlces=
g the number of lower 1nd1ces* -
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A fleld 1s said to be analgtlc 1n”§ if 1ts oomr

ponents with respect to any allowable coordinate
system (x) are functions of the g% analytie in

Eﬁc.,QV1dently analyt1c1ty of a field is 1nvarlant
for all allowable coordinate transformatlons.
1T a set of quantltles with arbltrary'valenu

ces ie given, each carrylng an. upper (Lower) in-

dex < , all other indices can be. replaced by the
values belonging to them.(f i.A by 7,.-«,7 3
R by 75,7  ete.). Then we get a'set of NV

contra (co-) variant vectors and the number of
11nearly 1ndependent ones among thew is called
the k:.urank of the set. 1) This rank is inva-
riant for all allowable coérdlnate transformatlons.

The rank of a quantlty W1tn valence 2 is tae
same with respect to both 1ndlcea anad equdl to .
the rank of the matrix of the componentsw.

Be ~ tﬂe.K ~rank of a given set of analytlc |
fields in an QZﬂfK) If This xank has its maxi- .
mum.value t”zln E’ all (t+7)—rowed subdetermi-
nants of the matrlx of the vectors used for The
determination of z wvanish in £ ,and‘--at least one
_;tzurowed subdetermlnant 1s 2 O in this point.

Consequently there exists an 5%(?') wherelthq

K .—rank has the value T, in every innt. Sugh
‘a region is called a region of constant /flwrankﬁ-
Thé subdeterminants being analytiec, the K ~rank
must_have the value 7Z,, in every reglon of constant

”ﬂ—#ﬁ“M“" —

1) Cf. Schouten and Strulk 1935. 1, p 19* P 7. gh I
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Kk —rank because an analytic function 1s ldenti-
cally zero if it is zero in some region however
small this region may be. That implies that the -

-

po:Lnts Where ’t<*‘cmnever f:Lll a region of X

§ T. Sect;qg;and reductibnj).
The simplest set of imbedded X, %8s in X,
is given by equations of the form -

7,1) | ggmcha ; g.:mv'-?.a‘.*"-.--rﬂ,'

Wwith sv-m2 arbitrary parameters c? with respect to
an arbitrary allowable coordinate - Sjrs'tem“. These
- Xm’s are walled coordinate X;,’s of(fc) I.Jvery set

B A Lol . s

of 0o ™ Xm’s in an ZZ(E'K) that can be written as
coordinate Xy, & of some allowable coordinate sys-
tem ie called a normal system of X,,’s . Two diffe-
rent Xu’s of a normal system never have a point
in common and through each point of the region

considered there passes just one Xm of the normal
system. |

7 The oo™™ X,'s of 2 normal system can be
consldered as po__:'mts of an (ﬂ-m)-dimension'al mani-
fold. If the system is written in the form (7.1)
the 'ggcan'be used as cobi"dinates in this man'iféld.
The pseudo group ﬁ induces in this manifold the

pseudo group of all :anertlble analytlc transfor-
mations of the § leav1ng 1nvar1ant theg ,cx 75 "5 PP

dldiss U GRS gl S s g A A e Sl sl Ju SN Sgali Ry

t) Cf. P.P, Ch.I’ § 9, II § 4,7.
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Hence the manlfold is an X, ., - We call the pPro-
 cess that leads to this Xisn the reduction of

Koy with resgect to the glven normal sxstem of
k;n S .
NOW be

T.2) G (gk):o o T = NG N oyttt g0y
a minimal regular null form of an X an_d'
7:3) gK: BK(QQ) N~ A N N 12

1ts minimal regular parémétric form. In every
point of X,, there exist three local affine spaces
1. the local £, 0f the X, |
2. the « —«-space, v1z. the local 8mof the Xm,
3. the x -space, viz. the E,_,, 0f the index x.
Thése local spaces are connected by the connecting
quaritities E%, and C,° , with the relation
ngc?x - 0 1)

Every contravariant vector w % of Xypcorres—

ponds to one and only one vector 2r“of the X, :
| ' ;e Vo K.
7.4) UV = U .Ba

il Pl s SV s miviil it . s S TEam e ot v b

1) Cf. Schouten 1938.1: Schouten and v.Dantzig
1940, 1. |
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These corresponding vectors épan an gmin the local
. €, and this €,, can be identified with the a —space.
After this identification we call the Eypthe tangent
& 1orf_'_'jb|1'1q‘ Amin the point considered. and. we look
upon v *and %as two different kinds of comporients
of one and the same vector that may be considered
as a vector of X,, and as a vector of X4 as well.
This justifies the use of the samec-kernel letter -
in (7.4).

Every covariant vector ey of X, oorresvonds

to one and only one covariant vector 7"3 of the X
.ot '.’ -t ' : 3 /1
7.5) W = Wy O
We .call "zc% the section of wy with the X,, . The sect-

lon vanishes if and only if the' (72-7)-direction of
LA contains the tangent Sm._

L TR |

I bvery covariant. vector w, of the x-—space
corresponds to ome and only one vector w, of thelX,
7.6) Wy = Wy G’f o : e
The. (ﬁgzée‘f),-e-di'rect_'ions of . the correspondinhg vectors.
contain all the tangent &,,.. If the local £, is re-
duced with respect to the noﬁnal system of all gm S
parallel to the tangent &,,, we get an & .22 and
the corresvonding vectors pass into-covarisnt-vesc=
tors of this gn 772+ Hence:the x -space can -be |
identified with this gn-—m . After this identifica-
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t'i'cn' we call the 972, 2 the __;z— E"n._m of the Xm
in the point con51dered and wé look upon Wﬂ and.
w, as two dlfferent kinds of componenta of one
and the ‘same vector that may be con51dered as . a
vector of X,, and as a_vector ef the by-'gm.m

Thls Justlfles the uﬁe of thc same kKernel letter
"2~ in (7 6)

7e call *v' the reductlon of Qr“-With respect te
the X5,. The reduction vanis hes if and only if
,v.k: lies in +the tangent S’
In the same way co- and o@ntravarlant P ~vec-
tors can be dealt with. We usge hﬂreafter the see-
ofﬁXh w;th

tion of g covarlant g —-vector w;,l,

AQ
an /\"m': |

: -f A |
7.8) w:g -.-..,éq — ?3'6 . - B‘@g f:l ‘_‘Aq .

of ellmlnatlon VIL. If the X, 18 reduced Wl'th
respect to the normal system of X,,,. s 7

T, 9) o | §M+7 C’O.??SCL - - g = C’OJ?Sf
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we get an Xo_pp and every Xm"-in X, o having 3Just
an Xg -ix common with each of the X,,'s of the nor-
mal system, 1s reduced to an Xm-s in this X 47 »
Now the equations (4.16) represent an X,,and this

Xom i# 8lso represented by (4.20). (4.20b) contains
only the variables EMH: S Eﬂ and consequent-
1y thjs system represents an )(wL”Mﬁ¥£> in the

; X?'z_,;w- of these variables. Hence  s= A/ and
this peans that from the -equations of an )inn.k’
just 72-7272- A equations in g’”ﬁ L E™ can be
deduced if and only if the Xm has just an Xy g
in common with each of ‘the Xar’g¢ (7.9) or, in-
other words, if and only if the Xj» reduces to an
@"Xm..M;,t R if the X, is reduced with respecet
to the normal system (7.9),.

§ 8. Decom osition of 8 Te lar s stem.aocor—
§ ot _1_TT___MJSA r_system accor—
R dlng to K&hler

A subsystem of a regular system need not

be regular. If a recrular system contains a regu-—-
lar subsystem the following theorem holds"z)
Theorem XI (Theorem of decom"oos:Lt:Lon

of ‘regular s;ystu.,ms) )
Let a system of & equ uations

) FUEDo s menin

iy humly S il ey splinbip Hﬂ-*”#.ﬂ“““—‘

1) Ccf P.P. Cn." II 8§ 8

2) K&hler, 1934.1, p.30 uses a part- wof this theorem
without proof.
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g : at? 4 - - : . - 'S
with functions & “ analytic in the null point § ,
contain a  eubsystem of A esustions,: regular .-
of ~dimengion 72’2 72 - A" in ft '

N
A i

- . o & - . -
LT : ug;n_g_thg existence theeorem of implicit

& g e, B, s . i J

i e skl -1 b

‘_:fEQQ#EiOHS VI, we solyge "71....7?'2_-"Q_f;'fth;(}".g-k;%:from these

N’ equations as functions of the other 72’ (hére
called ¥~ ) and if these solutions are. introduced

. R o T T L ke e > R ..

- - o T SR L T WS R T

into_thgﬂremaining N _ N eguafions of (8,

T P VU LY D R i sl DA,

19, the
 arising M A/ equations in the B™ constitute & @

S L g, F¥ : i

regular systewm of dimensionsz in £% if and only
if the system, (8.1) 1s regular of dimemsion =7z ..

in g5,
<

Proof. By interchanging the indices o it can
| al_ways De arrange d -that. fq_he .;equati:o‘"r"is

8,. 2) ; gm@*)mO :',. lC?ZI'..-: N, e .';Wr

constitute the segularn subsystem of dimension m’
and | "

8'3) gZ“' (gfk)zol 5 C}z_#"-‘-"\v' M A

a system equivalent to (82,2) and minimal regular

in gk . By interchanging the indice's,_ﬁ.k*it:-_ can al-
Ways‘i be arranged that the g?‘? y 8=mH7, .-, can
be solved from (8.3) as functions of the g";"
K=7y -« «g272°

~& 0



8.4) ggfgvag?g“fg(?? O 5 o7 ey

SN P7y > s7

(8.3) and also (8.4) represen'tsdan Kyppeinn KXoy
which the E’q ¢an be used as goordinates. Substitu-
ting the solutions (8.4) into (8.%) we get a system
of the fofm |

8,-5) C;g? @,})def’a“cz@orfg(goy) Q. ; K=z ,m’,ﬁg PILHT o ey?T

0’1’,‘\,

that reduce# itself to a s—ystem of NN equations
8,6) #HE)=0 5 4= Wrrs W xm 7,y

because the & & ; 7 N NP ,'\\\' vaniéh identi‘cally
in the g% . . I
By differentiation of (8.5) we get

8.1 G = QT T (0o T ,»:afg (aarm)(ﬁ'& ' < /ng)

- Looking upon (8.4) as a paramctrie form of the X
with the parameters £° , the contravariant connect-
. . n K
ing quantity Bﬁ, is

O 5 (~ 4

S = §

8’.8),. Bgﬁ.a f'g ; m’ﬂ: 15"“‘3'77?»‘; \g_-_-_-- m’f??‘q»q,}n
E e /3 .. : .



Hence (8,79 can be written
A . .
8#9) aﬂ‘%ﬂw: B/B aagzua‘ 5/3-"—'7'3‘-‘4:’?2’3 CH = "\b#_-.b\\\

‘and this equatlon expresses that for every value

LT T EE

of ¢z the covariant vector 2, HX g the sec—
tion of the covariant wector 3,152'@ with the X,,.
Be -5 the rank of 93¢ ® in 2%, Then in

this point the A& covariant vectors & - FEZZRNEAN

span an § -—direction and this &§- dlrectlon has
to he contalned 1n the tangent E" Jof the X
”represented by (8 4) because (8 2) is a subsys-
tem of (8.1)., Prom this spe01al position of the
S~ direction it follows that 1t.also must be
apanned by the & sections 9357 " of the J, 3‘““"""
with the X,,. . Hence ¥the rank of &g H in ;‘“
has to be 7=’-s . But the aﬁﬂom’being zero the
rank of 3,8%'@ in g’ 18 also 772 -8 .

Now suppose that (8.1) be regular. of dimen-
sion 7z in f . Then (8.1) represents an)( and
S'=7 . This X, is represented in the X,,. by
(8.6). The rank of %S’C”m in g’ ig 72’72 and

consequently (8 6) is regulﬂr of dimension 7= 1n

° Conversely, if (8.6) is regular of dimension
772 1n f“, ?f"“fhas the ranlc w2 .27t 1in § . Hence
* = (8 6—) represents an Ko irt KXo/ and this

same Xml,lﬁ%h tepresented in X, by (8.2,6) or by
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(8.1), equivalent to (8.2,6). The rank of o,& ¢
is 72 -m and consequuntiy (8. 1) is regular N

in gt A v

S -';-.,,-
o 1 *
§ 9, Supernumerery coordinates )
The. g’ can be used as supernumerary.  coor-
'dlnates 1n an X’ in. X’ ) Then there ex1st 7T — 772

-----

'equatlons of: a minimal regular null form,of the )@n
~and the points of the Xop 2Te in one-to-one corres-
pondence. to the sets of values £ satisfying these
relations. - o _ _ .o

| S Th@ hompgeneou5~coordinates 1n ordinary
projective geometry represent another -kind of
Supernumerary coordinates. There exist no relations

between these coordinates., Every 'set. of values cor-
responds to_gne,point_but:every_point.COrresponds
to co’ set of values. . o =

An &, through the origin in a centred &,
can be fixed by its contravariant-Grasémann cooxrdi-
nates v Xr2--- Kom and also by 1ts covariant

Grassmann coordinates Ur ) *1_.A7? ﬁé‘ (ef. § 6).

Between,thcse coorﬂlnates_the relations

"

9.1 vl Sl A 6w w0

“-“ h—-m—n-‘w-ﬂ H“““nﬁhw-—_‘“““w

i

gl
L

1)CE. §Schouten and v.Dantzig 1935.2, p.33: P.P. Ch.
Il 9. -

2)In.Sohoutén'1924.fmthis'ié%iod is'frequéﬁtly used.
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ex1st and to every;Jvzthere oorrespond o0 ' sets
of values.

From these examples we see that there exist
different kinds of supernumerary coordinates.
Though supernumerary coordinateg are¢ very fre-
qﬁéntly'useﬂ, a gerieral theory of them dees not.
seem to exist. Te need-such g theory to answer

e e T D e e, o B oL R, dbiion., il

- the 1mEortantﬂgH§§£}on'Whothu the regularity o

g system of equations remains invariant &f super—

s Rl e < BT st yom Ml it

RQumerary coordinates are introduced. (§ 10)

. The,most general supcrnumerary coordlnates
.1n an E%QE?) of an Xf arc defined by the equations

a) 'é':e -“-'-ff.’k(?Za) 5 G-'=?.—r“m+5,*€2 s £:20 €,20
9-2) | S,";‘ Ezg 7 5 /%:. "\.5.-.;1“‘

m ") =0

subject to the condltlons

4

1. There ex1sts a set of solutlonsf?‘Fof'the

equations “
: ) g"‘:____;@/c(,?-_a) : Q:?g,l“":an""iy*f‘g-"i
9. ,
3 -@ﬁ%cz) o *6:'\5“‘5‘\

such that the ¢~ are anaiytlc 111:?2(72;):.-3116
the rank of d,¢* is » in that region;
2, The system.(9 2b) is regular of &&men81on
72+ €, in 7% (hence it represents an
S &
X?;-_,:.gz , 1N ‘the Xﬂ+£;*€z of the '72"’1 )



- 54 -
3. Among the »o»A' differentials e~
Aw® there exist ekactly »n+¢, linearly

independent ones in every point of an
7T (7). '
O

If ¢g€,=0 , the 7‘“ are uniquely determined
by (9.3). This is not true if ' E€,z0 . But if in
this latter case 7 is another solution of (9.3)
in a sufficicntly small Z?’Z(?Z“) , it follows from
the form of our conditions that they hold for '7
as well. Hence ’7 is in no way preferred.

Every sct of values 7? satisfying (9.2b) cor-

responds to one and only one point of X, but conver-
sely every point of X, corresponds to oo &2 (ooof-—é’pf)

sets of valucs 73‘2 satisfyving (9.2b).

The :é’k , looked upon as coordinates in an A or
in X, are supernumerary coordinates with £,=7z_72t 3
£,=0 ., The n+7 DPprojective coordinates in ordi-
nary 72 -dimcnsional projective geometry arce super-
numerary coordinates with €,=0 § E,=7 . For the
Y Kr---%m  ag coordinates of the gm’s through the
origin in.a centred _gnwe have §&, :(;’-a)‘_,:m(n-m)_r ;
Eo,=7. L ' '

Tn order to Prove that these latter coordinates
satisfy the conditions 1-3:we introduce non super-
numerary coordinates in the Xm(n ) of all gm S
not having a direction in common with the coordinate-

gn*m of the (afflne) coordlna'tes §m+7 Ce e, §’
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ing’ . For all these E’W_ s w7 x 0 and

o ;? can be uscd as coordinates in every one
of them. 1f this has been donc the contravariant
connecting quantity '

!

9#4‘)~ ng __....‘.).; %gﬁ - 73 75'“'_3772'
- satisfies the equations
IR *5“1-* o | -

9«-5) /*-36 == Cj\/s ;Gfgﬁm?':,'*-"?n

" 2 o ' |
and the 28 5 B=Tyc M 3= MAT - T2 ATE
the non supernumerary . coordinates. looked for.

The gin_being spannecd by the »z contravariant .
&£ S - :
vecetors 73, 57 s Bmwe have

9&6) m./ /3{“:’ BKTP?J;? -}f- Z}.f «..,..A’

2*’-*1

and Consequentlyr

8 . 7 --7“7"/3-»9' . 772 o _
9: 7) .?3/3 — Wﬂ*’;? ) -77‘2 — —_ | ; ",’3'.:.*7&-'-_*3-77'2_ ‘5
| | S =N F Ty 72
and
9.8) WP TEs Ssrr o gy B BRIy

gy,).nqb'gs m""fs"".:n;,



Ky, v Xypy=CVEN permutation
of 7., -- . y772 3
L S=75 e s 5

by means of which all componcnts of 2+ Xr---%Xp not
occuring in (9.7) can be expresscd in those occur-
ing in (9.7). To this end (9.7) has to be substi-
tuted into (9.8). Then all equations whose left hand
sidcs contain a component occuring in (9.7) are iden-—
tically satisficd and the other (”"'—)...m (72-12)-7  €qua-
“tiond form a system minimal ruguiar in a1l its null
points because every onc contains & variable not
cccuring in the other equations. The system obtained
in this way is OOHquluﬂt O

9.9) 'U'[K’”“‘mzrki-*”"n =0

and repraescnts an ‘X?nﬂmﬂm)+7 in the.%ha) of all

YKo fmgith v T - "% 9. That implics that (9.9)
18 either regular or scmiregular, In order to prove
that (9.9) is regular in all its null péints 1t has
to be proved that the rank of (9 9) lS(mn) M- -7
in all rnull points. Among tho oquutlons (9.9) the
following equations occur:




ol 852
9.10)

[1--mm 8, ]80S nm Xnrmag X
v v ]2,{ ;e e )

For .Ml <7,

&ﬁ-—»ﬁ?vgg]gg_”

‘2 : . '
=OQ for r2.772 2 772

The flrst set of thesc equutlons ig 1dentlcally
satlsfled - |

The sccond set contains just(ng?ihggz) cquations
and each of thew contains just onc of the COIMPO=— "
nents vg,'gzas-- 0(77"’.— not occuring in onc of the
others and no components with more than two in-
dices € . Accordlngly the differentials of

the left hand sides of the equations of this set
are llnuarlv independent. The third sct contains
Jjust (W.W?)K;n:i) equations and cach of them
~econtains just onc of the componuntsﬂvj?QQQB‘ﬁ”‘“m
not occuring in onc of the others and no C OMN O
nants With more than three indices g .; Hoenece the
dlffercntlals of the left hand sides of the equa-
tions of the second and third set are linearly
independent., Procecding in this way we z2et.at
lagt (;)_. m(7e-m2) .7 equations with left hand
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sides whose differentials are linearly indepcndent.
That implies that the rank of the system (9.9) is
(;’;)_. m(n.m) -7  and that consequently (9.9)

is regular of dimension -»2(72-72)+ 7 in all its
null points. The condition o 7" ""7* 0 drops out
because (9.9) ig invariant for all affine transfor-
mgtions of coordinates,

If now the 2+ %7---%7 are looked upon as
supernumcrary coordinatcs in the X,/ 5 _,,) of all
gmﬁs through the origin and the /3;" as ordinary

coordinates in the same KXongn.2) o (9.7), (9.9)
play the role of (9.2a), (9.2b), further =7 -m2)
the role of 2 and (7”;2'2) the role of n+€,+¢, , From
(9.7) we see that the first condition is satisfied
foi‘“#"*'m;f 0. (9.9) being regular of dimension
m(7e-m)+7 in-all its null points, the "second COIl~
dition is satisfied with €, =7 . The third condition
is satisfied with 7+ ¢, = (,’;;) -7 because,' the right
hand sides of (9.7) not containing any componchn¥s
wlth morc than onc index ¥ , their differcntials
have to be indepcendent of the differentials of the
left hand sides of (9.10). |
Not only the o % --*pf but also the Bﬁk;/ﬁ:y,---,m
are supernumerary coordinates of the same Xopme.22)
with €,=2m%; £,= 0 and the same holds for the
m7t  components of 772 arbitrary vectors ?’C, x -,'g\,
spanning the &, with £,=0 ;Ezsz he condition
"% 0 drops out here.
Here is still another cxample. Bec a normal

A
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system of X, ¢ in X, given by the equations
o
G\'(gj...(? "“G ; OZ-:’\,}":,N

with Af paramuters C? and functions groganalytic
in.?tﬂ?f) ’ chosen ih such a way that there arc
just-gmnw; functionally indencndent oncs among’
them, If the X, is reduccd with respoct to this
normal Syétem, an X, _s»7 ariscs and in this
X}zﬁﬂ@ the c% arc supernﬁmcraryfcoordinatea
with €, =N_2trm 3 £, 20 . *Inr the same Ko _om
the ¥ can be used as supérnumerary coordinates
with £.,=0 €5 = 72

g 10, Inveriance of rcg larl v

MMM e el T Rl .....

1)

if supornumcrary COOleH&th arc introduced

R L. i alalienlt xS o Sl P, sl T e

Ve will prove the thcecorem

Theorem X11
system of AV equations

N TR ¥ VPR Y v

10, 1) g“m(fk)::o ; (= A5 s 3N

with functiong grménwlvt ¢ in the null point ?“ |

o -
be given, | |
By meang of thc cguations
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E=e @) 5 E° @"(?3“9 ; a7, m+’é;+sza

1042 . .
) ’?(7212) 03—5‘/“@(72) O)_,(g...)\:l SN \N

Sa'tisfzin:gjhe‘mq_gnrditiqgs_ of § 9 a system of

supernumerary coordinates 7% is introduced. Then the

_.......nw-—-u"-—- -

system (10.1) is re@ ar of dlmen81on m  in ? if
amd oml;[ f the sxstem

a) | g%a) ‘:f-..f_-'_-’f 5&“‘"‘(@"‘(?3“)).—.-.0 3 d;75---,72+87+£25

10-3) X . | Gt':a"'b""-'j“;

1s regular of dimension m + &, |, in s and this 1is
the case if and only if the equations (10.3a) consti-
te by themselves a

e Ty

L _system regular of dimensiorn m»g,+g,

in 2“

Q

Proof. First we prove the second part of the
theorem. Be (10.3) regular of dimension - £,. in
726‘ .' According to our conditions (10 3b) is regular
o

of dimcnsion 22+g, in 721‘1 "Hence, by interchanging

the incices 4 1t can always be arranged that the
equations . e

10‘4—) ,;‘V—g(?a):a 5‘(6"&.\)."3%\ samy':e'-}?z_'j‘g?jﬁ*gz
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form an equivalent subsystem of :(10.3b), ‘minimal
regular in %fz; (10.3) being regular in 7“ from
(10.3a) a subsystem can be chosen constltutlng
together with (10.4) an equivalent subsystem of
(10.3), minimal rcgular 1na? « "By intcrolahging .
the indices ¢ 1t can aleVS be arranged thatb this
~subsystem of (10.3a) is’

Cc ) ,
10,5) g (?a)aa 5 OL =.«.,...._ﬁm..m A= Ty s AL, ~Ep

Every subsystem of a minimal regular system being
minimal regular, the systenm (10.5) 4is minimal fea
gular 1n-7 . (10.4) and (10.5) being together
bqulvalunt to (10.3), they are also equivalent to
the combination of (10.3b) and (10.5). Hence, if
the remaining cquations of (10.3a) are

10:6). gﬁ(?zq):o ; c)zf}: "f\.c—“'w\u%-’\.b'.-..)“;CL::-?_,--:j?l%i;-ﬁEg

from the first basis theorcm it follows that there
has to exist in ﬁtﬁ?d) a relation of the form

C}E.” mﬂ (:'Ziﬁ'\ i
o

10.7) 9 :O{o-g g ."L/6 3!/ :v

Now, according to theorem VI, o »&, of
theigq can be solved from (9.2) ag functions of



—- E0 -

the g and the remalmlng-qi . Hence by interchanging
the :mdlc:es . it can be arranged that 1in some

TUETT)

10. 8) 72 C}‘Ef?o(Vg ?) —_'---,n-f-é,- 3 9:?&%5,:&7?*;*,72.45,,%6;
If (10 8) is substituted into (10.7) we get equations
of the form

1

10.9) T ()= 5 (857 ) 7" ;

B A T P R A T YL L R R R & = TU4E 47, TG E,

and if :Ln tha.,sc, equatlons the f are replaced by

e () we g(,t cquations of the form (10. 7) with
vanishing /3{? . Hence the system (10.3a) contains
an equivalent subsystem minimal regular of dlmen510n
m+~E, +E, in 72 viz., (10.5), and this imo ies
that (10.32a) is mlnlmal regular of dimensiow
m+&¢+£9 in 72 . | |

Convur&,lj, supvose that (10.3=, be regular of

dimonﬁlon'm+g +E, Ain 73 Tro. by in .rchanging
+he indices @ it can a,lwayc-‘* De ar"r:“mnyu that

(10,5) is an equivalcnt su” SrZbem vk Ul 3a) .Lﬂ:!.nlmal |
regular @f dlmens:l.c*n 7. ~EyF £, AN 72 . The Sgrgtem

(10 3) is. tﬂun equr valent to its c&ubsr Fsintonsiste
ing of :(10; 4)-::—3.]:161- (10.5), bosh systems heing m” ar_ Ll
regular in ?Z . 90 we have only to show that - .ac
WhOlu‘Sy.:'LC,m (10. 4,5) is minimal rrum,Tar. in ?_;a’, i.e.

. €
T
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that its rank in »“ is =n-me+€,. This rank can
Q

" not be > m_mmrg, because the total number of equa~—~
tions 1is 7n-7w22rg, . 1T the rank were < 7z- 2+ £s

in 72“ there had to exist a relation of the form
¢

: | wi':)\gi....}ﬂ(\,um;
']O_']O) Koy @69 +/6"€ aé?” J PE A, e, S
B = 7y n A E, T E

with coefficients of which neither all &°s nor
all B°’s could vanish simultaneously. From (10. 10)

it would follow in % “
O
';l- ‘ 05’:'-"‘\3"'5%-%,
Gy ’
10#11) -qu(akg? )3,5@":%/5,@,86 @/@203’{@’:*‘5-"‘:;%«3
i B = 7 4 372.?"'5;1"52

but a relation of this form can not exist because
the differentials &¢” and c:?f;;/‘fe" ar*e linearly
independent in ?Z . Hence (10.4,5) is minimal
regular in ﬁf and this implies that (10,3) is
regular of dlmen51on.ﬂ2+£2 in 7‘

To prove the first ovart of the theorem we
sunpose first that (10.1) be regular of dimension
77¢ 1n § .'Then by interchanging the indices oz
it can alwavs be arranged that

10.12 ?mffx)xo y 08 = Aty LTS
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is an equivalent subsyst:u of (10.1) minimal regular
of dimension =2 in § . From (10.3a) we consider the
equations corresoond1n5 to (10 12)

10.13) 90‘(02&):0 O AR T
Now we hdave

C’Z; ' L’;"-'*C?ZZ" ,-.{ A ,
10.14) ag G = (0, F T )35 5 o=n, .- J o e
- B '6 = '.?5-*-37'2,7"5,?7‘-5?: .

. *wrz , . .
Besides 3 have the rank =n-72 in all points

of an ?Z@f’”) and 05 @ has the rank 72 in all
points of an 3“5/78“) Hence ngm must have the
rank. 7z -7 din all points of an EZﬁé‘ﬂ) . That

-"1fnpl:1.es that (10.13) is minimal regular in 72 . The
remalnlng equa,tlons of (10.1)

10.15) - gﬁwm(gkﬁ);"@ _.) CEJ{: ANV S SV N I ,'\‘»\

are dependent on (10.12). Therefore, if the gKin

(10.15) are replaced by ce""(?z ?) the resulting equa-
tions

10.16) G () =0 5 FTININENNL 00N
CZ.-_:?'_,--*:.'?'Z.-:‘-E{;;TT“EIQ
depend on (10.13). Hence (10.3a) is regular of di-
mension 27+£,+ &, 1in. 72 “and this implies, 28 We
have proved already, thet (10.3) is regular of di-
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mension we» £, i 7 *.
Finally let Us assume again that (10.3) be
regular of dlmenSJ_on 7L, 1N '7, We have
nroved already ‘that the 1ndlces cr can be inter-

changed in such a way that

0. 17) G (77 ) =0 5 cen, - yvu-nry

‘ - az?g"'_ﬁ,?&i?‘“&j%f:
is an equivalent subsystew of (10.3a), minimal
regular in 72“"*. Now we consuler the equatlons "

10.18) 0"‘@’ ) o ()C'f:’\_‘...._,";‘u*m

corresponding to (10.17). Then (10.14) holds and
we know now that 9, g “ has the rank 72 ~772 1N
all points of an Z7(% %) and g ¢* the rank

v

7z 1n all points of an Z?‘Z/?f a) . Hence 9 S
“has the rank n-7-2 in all gon.nts of an ?fok)

and consequently (10.18) is minimal regular ;mg’
Now we have only to »rove that (10.18) 1b~equ1~
valent to (10.1). If this were not true there
would exist at least one point of E‘Z/f’?

where the number of linearly independght aifferent-
ials among the 5T would be > 72 -772 « Conse--
quently, since &g« * has the rank » in all
points of 32’( %), tiere had to exist at least

one point c::f Zv’Zﬁy ) where the rank of i



10. 2, G (0, F Ty ; TNV

0.19) 25 C“ =& "Jog” ; POV

would be > -7 . But this is impossible because

(10.3a) is regular of dimension #n+ £,» £, in 7 =,

Hence (10.18) is equivalent to (10.1) and this ime-

plies that (10.1) is regular of clil'11ellsion?:52,in§".
Q

§ 11. Applications I, Integration of Goursat

Aolipy.. Mok dapigiuisiipind 3 4 il S R L ¢ e Bt .

systems1 .

In this and the next section it will be shown
that the theory of regular systems and of super-
numerary coordinates plays an important role in the
theory of integration of systems of wpartial diffe-~
rential equations.

& Goursat system is an arbitrary system of
scalars, covariant vectors, bivectors;..., 7.7 -vec-
tors:

1o
u 3 ;[:o — 73 3 A‘/O
v
11.1) L3 s A, = 7 s A
I5’2'!
u/l]""&?z‘_ﬁf D{ﬂ-fz 73 *“3/‘/?2-7'

R e S S AL M i AR i il G RS Y el WA

1) Cf. K&hler 1934.1; P.P. Ch. VIII.
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We supposelihat.the system of equations
11*’2) -'“:Q 3 ‘Ta = 75" "3 No I

be regular of dimension ¥, in the null pointﬂfk:.
o M
Goursat'!s oroblem consists of the determlnaulon

of all Xm $ in an 32(‘5-’ ) lying in the XY re—
presented by (11 2) and whose sections with the

quantltles ze.A 5t e, *zjac",{? A all vanlish.
=7 | " ) |
Such an X,, 18 called an integral-JX,, of the

Goursat system. 1f 772 has a given value all
quantities (11 1) with a valence >z drop out
automatlcally because in an X,,no0 g -vectors with
&g > 7. exist.

Lhe natural derivative (or gradient) of a

scalar £ 1s the covariant vector

11.3) Oy L

and the natural derivative (or rotation) of a8 co-

s e b | 3

18 the covariant

vartant @ —vector wj ... g,
(g+7) —vector :
11.4) | 62*79 %912011-*~Ag]

The natural derlvatlve of a, natural derlvatlve

1)

vanishes identically

TR BB kil 4_““ kit gy— e B W B il e iy

1)'Cf* Schouten 1949.ﬁCh, IV § 3.
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%”It'ie‘easily proved that tie section of all natural
derivatives of .the quantities (11.1) with every in-
teﬂTel.aﬁm_ vanleh Therefore 1t is convenient to
take theee.natural derlvatlves to the quantltles of

the system, If thls has been done the Goursat SyS—
tem is said to be closed A Goursat system consist—

irg only‘of scalars, vectors and some ' of the rota-
tions of these veétors or all of them is called a
Cartan exetemJ It becomes clouea if the gradients
of the- scalars and fhe rotetlons of the vectors are
‘added, In the- follew1nﬁ We alweye suboose that a
Goursat or Cartan eystem.le cloeed

Every tangent Eﬂm of an 1nteﬁral X"Wlth the
(supernumerary)cooralnaﬁes g’ zrff‘f”ﬁn satisfies

the equatlonu

11.5)

in £%. Bvery &,, satisfying (11.5) is called an
integral-&,, . Hence every tangent Em of an integrj
Xm is an integral- &, . But conversely an inte-
gral- &,, need ne.t_;_;b-e tangent-gm of some integra

X, .
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Pirst all‘intégral#'éygfs have to be deter-—

mined. An integral- €, or 1nte§r 1 point is a point
of the‘*Xzo (11,2) If an integral - £, is glven,
the integral- € ’¢ through this & fill a flat space

in the local &, denoted'@v F(E,) ; If tﬂe i
mension of 3‘5’(&7‘) ig 74 7;7,' there exist just eco?
'11'1tegra,l &:’ s throlugh E"o .In the saine way the
integral - <§S%J.Vs through = given & fill a flat
Space 5%7%’) . 1f the diuension of é?ﬂfﬁ) is

'6*+7-% z

g S+ 7
?SM’ S through 8?5 :

It mav ocecur that for all integral- 8':;1n

o

there exist just oo ™7 integral-

the nelbﬂbouraooa of soise given"&;  the nuaber

A has the ssie value. In that case this

N a4
given é% is said to be rewular A chaln of in-

n—n - a2

tegral elements
11.6) ECE c& c....ce. S
- o 7 2 ’ e |

1S called a regular C:lmln it &D 'gy:: .' L g?& . are

all regular. The last elerent of tlb chain is 101

i e O e B 1._,1-.4&:..-...! o T el g i, e e ST MM m
L]

neces Sarllz re ggiar, An integral- X,, having at

N

least one tanweﬂt E tnat is last element of a.
regular chain is callec a rqggWanﬂyntegmil~A;n.
0)"""" | T

By means of Lﬂe theorem”

1) ¢ means: is contained iﬁ.
2) P.P. Ch. VIII . 358,
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Theorem XIIT (theorem of integrability of
Cartan — Kéhler)

L]

If &,, is last element of a regular chain there

L R AT . S e ST, T ity ) ol B - i . . © 3 I . St g 5 T il gl SO Yol

exists always at least one regular integral- X, tan-
gent to &,, ; |

the construction of all regular integral-X,, °S
18 "brought back to the construction of all regular

chains of m+7 elements and certain integration

processes. ,
If regular chains exist with a last element &g

but not with a last element ;,,,_7 y G is called
the genus of the Goursat gystem. Hence a Goursat
system with genus ¢ possesses always regular in-
tegral- X,:? ’s but ne regular integral manifolds
with a dimension > g . | |

The theorem of integrability of Goursat systems
1s proved by means of some auxiliary theorems. First
we need the theorem”;

Theorem XIV (first theorem of uniqueness)

If in X, be given an ih‘tegral*—Xm of the Gour-
sat system (11.5), a tangent gm with the cgbc;:;iipates
g h - Am andan X . satistying

: 7 ‘27;2 ., » satisfying

o
the following conditions:
1. the integral-£&,, is regular,

2., the system

1) P.P. Ch. VIIT p. 359.




Xo
u:.o | | s Xa= T yM
U A
u‘af'?j. d nm ) ;‘T?::?'J 3/V?
11.7) X
U A7 A

Ul Kom A A

| . £ . e |
18 re&lar 11 ? 3@'”’ Kwe gy
4] O

3. the X,‘.;L__tm”' contains Xm- and 1ts 'tana*ént~

gn"t"mf--; - L5 §K has just one Epevr
in common with %’(gm) :

there exists one and only one integral-X,.., .

containing X,» and being contained in Xﬁ._zm” .

The tangent- &,, .  ~ in £¥ of this X,,,, coin-
o

L

cides with the section of & .., and F(E, ).
- -7

The proof of this theorem is i‘&i{thér long and
needs introduction of a suitable coordinate sys—

tem and application of the existence theorem of
Cauchy-Kowalewsky.

By means of algebraic operations it is al-
ways possible to determine a regular chain

a,_, ?::', 5 " " % E’g‘ - _Then by means of repeated appli-
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cation of the theorem XIV it is possible to con-
struct a regular integral-X,,-X,, -- , -f-X-g

each tangent to an element of the chain and in
this way a proof of the theorem X111l could be con-
structed. But here a difficuliy arises.because at
every step it has to be proved first that the

system (11.7) is regular. For that oroof we ne',ec'i
the theorem .

Theorem XV

Every element E’P é? U“"r”"fp of a re&lar
chain sa“tlsfles the condltlon that the system

P A g ap—

Xy Ao | e
| 7 ' . |
1/2’6‘/1,__‘},‘5'2]' : /O:O Lo )S:O:j:'-"

11a8.). | _ | .;(S:::‘}":-
.aU_[K?--uKPv.AJ]pu__Ap::'O |

is regular of dimension

.llcéef.i::l ,‘7 | B _
11.9) Mp+7 ;—:f%--'zdm/i,p(p_.f) 77

in £ K _ .

oInGthe' proof of this theorem the theory of super-
. numerary coordinates 1s used, The §K‘ U’C’""‘ﬁ are 7
- supernumerary cocordinates with &,- /") Pr-p)-75 E, =

in the Xn+p(n_,o) of all 8,:) S 1in the local sgpaces
of X - in 3’2’&?"‘) . Instead of them the non-supernu-
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merary Coordinates gkg 73/: 3 3= Tabaa P L G=rg, 0,72
.oen be introduced. Then from the thedtem XIT it
follows 'that we have to prove that the system

T1.10) ’Mi,.__,ls 37 "..13,»35:’0 58204, ,9 ;
o o ’ g /3130385 = 7305/ 3~
'/TS::?',"-“_? 1‘V$

in the variables g‘; B/f with B};‘;-J; W T AT
1s regular of dimension Mp in g"‘, ?/f . 1I now

O

The restriction /3/:: Jﬂm 18 dropped, the g-‘; Bﬁk
are supernumerary coordinates with £,zp%3; £,=0
1n the same ~ A PeTp) - and from- ﬁheovrem XIT. it
Tollows that we have to prove that the sygtem -
- {13.10) without this restriction is regular of
dimension Mp.%-p'? HIL ;K, 18; « Finally*instead
of the /”3; the pmn eompoanents of o arbitrary
vectors 73:;
Tith the £* IThese form a system of supernumerary

c ey 3‘: in the E"p may be introduced,

eocordinates with §£,:=0 s E2=p* and consequently
we have to prove that the system

: ??,11) u‘},__.}\s' B\:"' - /3‘? 3 5:037;.“5/0_

is regular of dimension /Wp a*,o‘?' kn g*,?@“"‘;
BeAyiie o o

The 53; can be chosen in such a way that for
every value of § +the vectors (-;73‘@5 ‘Tt ::3: s;pan
the & of the chain. Then a proof by induction
ean be constructed. R -
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12. Ap lications IT, Solution of a =seneral sys-

L FEN WY il iy SRR DA

Lem of partial differential equations by
determining the integral manifolds of a
Cart@n_gzgtemj). | '

It is well-known that every system of mnartial
differential equations can be brought back to a sys-

tem of the first order. A system of the Ffirst order .
can be written in the form

12;1) GC;Z\J (giaﬂg\g);c} _;CE:&,".*,\‘\":,@: 7_;"‘"3?72- 3
| B = ?RAT e 472

o
With the 2 independent wvariables g“; XK= 7, 772 &nd
the 72-772 unknowns £ °; € = -7,

e+ 572 . Now we consi-
der the equations |

- o~ s k& . . .
12.2) o ég a/@/f =0 5 X=Nr 3N 5 Bo7, -, 72 ;
| _ G = MATy 5 P2

a

and look upon the ,Oj as the NnoN-supernumerary coor-
dinates of an &,, in the loeal & of £ . Then the
' £ <, /f are non-supernumerary coordinates 4n the
R 72 (72~ 72) of all gm ‘S in the local g,,z ’g

of X, for which 2~ My o T

In this X"fz.vf-m(n-m) we consider the n_»nz so=
called Pfaffians

-mmq-—-uumww- AR SN TR Apetih SRR sl Ln s RuE

»

1) Cf. Cartan 1801. 1; 1904;13 1945.13 Goursat 1922.7
P.P. Ch. X, | |
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e3) =8-S gdg 3 BTy 7R 3= IRAL T2,

the = -7'2,+m(?2 ?772) variables § /D/@ . The |
.x —wa-z.'(' =3
netions F 3/63/3)8,1161 72972 covar®Pant vectors
)(w.-.--'m(n 922.) N belon,ﬂlnﬂ' *ko the Pfafflans'

2.,35 and having 't.ﬂe corrmonents

i

4) e 80 s

Lenging to the cooxrdinates o

7y TSI 3BT = TNAT iy T2

5) B S ET L pF A g, pamar,n

nstitute a Cartan systemn and this mystem becomes

osed if we add the gradients of the & and

e rotations of the wvectors (12.4). | -
bBach Pfaffian represents an gn*m(mm) , 1n

ch local gn+m(ﬂ_m) alndl consequently
. 6) LE \‘-,f“pﬂ-gdg,s__‘.___'o s B=7, -:,m e = -}-?z%?,::--,fz.

presents an §n+(m_,)ﬁé )-field in “he
-+m(‘52~??;')¥ Begsides in the /\/nfm(n 772) " there
lsts a normal sl,rstem 0f oo™ X?z,;_m_(n 7. ?) S
th the equations



Cx »
12.7) § = Constarn( S X =Tyt oL

According to our definition in § 11 an inte-
gsral-X,, ef the Cartan system is an’ A lying in
the null manifold of (12.2) whose sections with
all the covariant vectors and bivectors of ‘tfn}e Car-
tan syshkem vanish, in other words, it 1is tangént
to all &, mn p(n.m) ¢ of the field (12.6). If
such .an )f has nowhere a.direction in common
with an Xn.,.m(ﬂ_,.,n_"y) of the norimal system
(12.7), the g“" can be used as coordinates in the
){m and the Xm can be represented by a parametric
form | L

a) §€:f§(§“) s K5 B =755 7 5 8=WUH7, 7

b) /gg jiﬁ@?f)

But according to (12.2) and (12. 6) these equations
represent a solution of (12,1). Conversely every
solution of (12.1) corresponds to an intégral- X o
of the Cartan system having nowhere a direction in
commnon with an X.,?,Lm (7=t -7) - of the normal
system (12.7). Hence the solution of the systém of
vartial differential equations (12.1) is brought
back to the determination of the most general Inte-
grale-Xm of a Cartan system in 2~#7r(72-72) variables

12.7)
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_ In order to construct the most general inte-—.
gral- X,, of the Cartan system in an %CE’ZOP;)
we have first to consider the equations (12.2).
1f this system is regular or semiregular in 2§K3

fﬁf 1t can be replaced by an equilvalent s§sﬂ
’sdém minimal regula:b-in g:’“’g ,C’/f » 1f the system
is irregular, by‘using’gheorgm.X,,thenull mani~—
fold can be decomposed into:a finite number of

As’s 3 S=0,74 -, mtmbr-72)-7, For every
.X} a system.bf equations can be found, mini-—
mal regular in bc?k,, /O/f , O in some other point
1n ?Z(;ﬂf?}a ,OConsequently the Cartan
system is decomposed into a finite number of
Cartan systems each having a svstem of scalar
equations minimal regular .in a point of
,. m,‘;pﬁg) . If from these scalar equgtions the
ma;imﬁm number of variables gdﬂ¢g§gis golved and
1f these solutions are subgtituted into the egqua-
tions (12.3) we get a scalar-free Cartan system.
This latter reduction wmay be useful sometimes
but in many cases it is more profitable to keep -
the scalar equations.

.. ¥We now proceed with one of the Cartan SyS-—
tems wifh a minimal regular system . of scalar
equatlions. Ifé;~is-the génus of the syétem.andr'
if m=sg , regular integral—)@njs always exist
(cf. §'11) and these )Q¢%50an be determined by

methods develgped by Car:tan”. But if 7 >g there

wlpimil el SN e G ek Al Syl SR Vepaly ke

1) Cartan 1901.1: 1904, 1.
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exist no regular integral- X,,’s and we don't yet
know 1f there are integral- X’ s at all. |

In order to decide whether there exist for a
given Cartan system inteﬂralﬂ,Xﬁz%¥'withpwﬁ>é; \

Cartan's method of prolongation has to be used.

We cuensilder a closed Cartan system

(g) 560:‘29‘?"75"'5?2-

WS 2 '«g:f‘t*—\'_'v-—;«w
12.8) S ’ o
e
’C) .
L g

satisfying the conditions that the system & =0

1s minimal reo*ular in ?;? , that 'thc, ) F « dependi
Lineaxly on the *qu and that the &zl are linear—
ly indenendent. Then 1f‘f33 : B=7,---.,72 18 the con-
travariant connecting gquantity of an dintegral- X,

whoge tangent g 11 every polnL of an 2??,“@ )
satisfies the inequality 2 7" 7% 0o the n.a. s, con-

ditions for an )Cn;belng 1ntegral~k}m are

fm¢%%,) 5 LW L F T g s P2

e Y X |
12#9) B ',ZUMA =0 B /3ﬂ --":f-'rﬁ 34@ :H‘.I-"\Ar\‘b"'-?m

A | o
t | B /ﬁ [‘“. ;‘\_720 | ;&’34“3:75"‘9572'
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Now we consider the Xﬂ+m(.n_,.wz)-- . of the ?k .

=4 |
155 and the system of Pfaffian eguations
12.10) df?_"'@ﬁgdgﬁ SO L BT Ty B WBS, e, T

in this manifold. Then the egquations (12.9, 10)
constitute a Cartan sysfem.in this X@i%ﬂnﬁq_ﬁ@)'
with the scalar equations (12.9). This Cartan
system is called-the first (total) orolongation
of the given Cartan system. If an integral- X,
of the vprolongation is given, having nowhexre a
direction in commen with an xkﬁd¢ngggw;,o ot
the normal system |

12'11) gc{: CIO??SEQ'?’??_( ; X = T v 3??2‘_'

from the =2z+7e(72.72-7) equations of this Xm

- the E’g - 73/;- can be solved as functiens of the
| gq”'and this solution represents an integral- Xon
of the given Cartan system. Conversely from the
parametric form (12.7a) of %n_integralr}xﬂzw of
the given system, by differentiation, we get
equations of the form (12.7b) and these equations
together with (12.7a) represent an integral- X,
of the prolongation . Hence there exists a one-
to-one correspondence between the integral—)ﬁﬁ’s
of a Cartan system and those integral-X,,’sof the
prolongation having nowhere a direction in common
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with an X
(12.11).

This way of Prolongation iw not the only one.
In many cases 1t is more profitable’ to form a part-
1al prolongation by using not all equations (12.10)
but only a number < 4;_a20 of linear combinations
of themn., |

Now the principle of the method of prolonga-—
tion can be described as follows. If +the genus of’
the prolongation is 2 sz " '.the integral - X,,,%s of
Tthe prolongation can .be Formed and by them the

AN (P 2 7) of the normal system

integral - X,.’s of. the original gystein are deter—
mined. If the genus of +he orolongation is <z this
system has to be orolongated once more, etc. Cartan
has proved in 19041)'that 1T at efch sﬁep the pro-

the manner of nrolonzation 18 alwavs chosen most

practically, the process gives after a finite NN~
ber of steps elther the integral-X,,, ’s looked for
Or The certainty that no integral—)ﬁnés existg).

ﬂ_-_-u““_-m“

1) Cf. 1904.1: 1945,1.

2) There only remains one difficulty.. During the

- Process of prolongation extrs ordinary points
may arise. There may exist integral-X.’s con~
taining only extra ordinary points. This is
not so bad because the extrs ordinary points
may be treated in the same way by prolongation
and this does not disturb the finiteness of the
whole process. But during this process new ox— .-
tra ordinary points may arise and they have to
be treated in the sare way, etc. Though it is
highly probable that the whole process will re-
main finite, the osroof is not yet given.
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But this is only the principle of +he method.
‘or the performence of the prolongations and the
thoice of the manner of rrolongation rather compli-
ated calculatlons are necessary and there arise.,

" lot of dlfflcultlus all ovcrcome by Cartan in a
ery ingenious way. But the study of these inves—
Agations of Cartan is very dlffloult1).

Here we are interested in tne following diffi-
ulty. After sone prolonzatlon 1t may occur that
he scalar equations of the new system no lonﬂer'
orm a minimal regular system. Then according to.
heorem X the null manifold consists of a finite
amber of X 's and to each'uxs, there belongs a
ystem of equations wminimal regular in some point
f a neighbourhood of the point considered. The
artan system considered splite up into a finite
amber of Cartan systems. IFf any one of these
ystems has a genus 22 this systea immediately
arnishes a contribution to the 1ntegrd1 )an s
ooked for 'If the genus is <972 it has to be
rolongatud At last we find that the 1ntegraLJ¥ )

sired are all the integral- Xm 8 of a finite

mber of Cartan systems each of which has s genus

v - S e A Shn e SR el ey Y R il i

) In P.P. Ch. X an elaborate treatment of Cartan's
beautiful methods is given, which is intended
to be more intelligible.
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